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A NOTE ON SOME SPECIAL p-GROUPS
FARANGIS JOHARI AND PEYMAN NIROOMAND
Abstract. Recently Rai obtained an upper bound for the order of the Schur
multiplier of a d-generator special p-group when its derived subgroup has the
maximum value p
1
2
d(d−1) for d ≥ 3 and p 6= 2. Here we try to obtain the Schur
multiplier, the exterior square and the tensor square of such p-groups. Then
we specify which ones are capable. Moreover, we give an upper bound for the
order of the Schur multiplier, the exterior product and the tensor square of a
d-generator special p-group G when |G′| = p
1
2
d(d−1)−1 for d ≥ 3 and p 6= 2.
Additionally, when G is of exponent p, we give the structure of G.
1. Motivation and Preliminaries
The Schur multiplier,M(G), of a groupG is introduced by I. Schur in his work on
the projective representations of groups. Many authors tried to find the structure
of the Schur multiplier for some class of groups. For instance, the Schur multiplier
of abelian groups and extra-special p-groups are well-known (see [13]). The extra-
special p-group has the minimum value for the order of the derived subgroup.
Recently, Rai in [15], obtained the structure of a d-generator special p-group when
the order of the derived subgroup has the maximum possible value p
1
2
d(d−1). He
could obtain the Schur multiplier of such groups.
Remember from [5], G⊗G is used to denote the non-abelian tensor product of G.
The non-abelian exterior product G ∧G of a group G is defined as G⊗G/▽ (G),
where▽(G) = 〈g⊗g|g ∈ G〉.We denote the image g⊗g′ in G⊗G/▽(G) by g∧g′ for
all g, g′ ∈ G. There is the homomorphism κ : G⊗G→ G′ given by κ(g⊗h) = [g, h].
Since κ has ▽(G) in its kernel, the homomorphism κ′ : G ∧ G→ G′ is induced by
κ. It is known that the kernel of κ′ is isomorphic to the Schur multiplier of G (see
Lemma 1.2).
In the current paper, we obtain the non-abelian tensor square and the exte-
rior product of a special p-group G of rank 12d(d − 1) (|G
′| = |Z(G)| = |Φ(G)| =
p
1
2
d(d−1)). Moreover, we show which of them are capable. Recall that a group G is
called capable provided that G ∼= H/Z(H) for a group H.
In this paper, in the same motivation to [15], we are interesting to obtain the struc-
ture of d-generator special p-groups of exponent p (p 6= 2) when |G′| = p
1
2
d(d−1)−1.
Then we obtain the structure of the Schur multiplier, the exterior product, the ten-
sor square and third homology group pi3(SK(G, 1)) of suspension of an Eilenberg-
MacLane space K(G, 1) (the kernel of κ) when G belongs to this class of groups.
Beyl et al. in [2] gave a criterion for detecting capable groups. They showed a
group G is capable if and only if the epicenter of G,Z∗(G), is trivial. Ellis in [9]
showed Z∧(G) = Z∗(G), where the exterior center Z∧(G) of G is the set of all
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elements g of G for which g ∧ h = 1G∧G for all h ∈ G (see for instance [9] to find
more information in this topics).
The next lemma gives a criterion to detecting the capable p-groups.
Lemma 1.1. [2, Corollary 4.3] A group G is capable if and only if the natural map
M(G)→M(G/〈x〉) has a non-trivial kernel for all non-zero elements x ∈ Z(G).
The next result shows the kernel of commutator map κ′ is isomorphic to the
Schur multiplier.
Lemma 1.2. [5, 6] Let G be a group. Then 1 → M(G) → G ∧ G
κ′
−→ G′ → 1 is
exact.
The next result is extracted from the work of Blackburn and Evens in [3, Remark,
Section 3] and [13, Corollary 3.2.4]. Let F/R be a free presentation for a group G
and pi : x˜R ∈ F/R 7→ x ∈ G be a natural homomorphism. Then
Proposition 1.3. Let G be a finite non-abelian p-group of class two such that G/G′
is elementary abelian. Then
1→ kerβ → G′ ⊗G/G′
β
−→M(G)→M(G/G′)→ G′ → 1
is exact, in where
β : x⊗ (zG′) ∈ G′ ⊗G/G′ → [x˜, z˜][R,F ] ∈ M(G) = (R ∩ F ′)/[R,F ],
pi(x˜R) = x and pi(z˜R) = z. Moreover, kerβ = 〈([x, y] ⊗ zG′)([z, x] ⊗ yG′)([y, z] ⊗
xG′), wp ⊗ wG′|x, y, z, w ∈ G〉.
Theorem 1.4. ([8, Proposition 1] and [10]) Let G be a finite non-abelian p-group
of class c. The map
Ψ2 : G/G
′Z(G)⊗G/G′Z(G)⊗G/G′Z(G)→
(
G′/γ3(G)
)
⊗G/G′
given by xG′Z(G)⊗ yG′Z(G)⊗ zG′Z(G) 7→
([x, y]γ3(G)⊗ zG
′) + ([z, x]γ3(G)⊗ yG
′) + ([y, z]γ3(G)⊗ xG
′)
is a homomorphism. If any two elements of the set {x, y, z} are linearly dependent.
Then Ψ2(xG
′Z(G)⊗ yG′Z(G)⊗ zG′Z(G)) = 1(
G′/γ3(G)
)
⊗G/G′
.
The following result gives a bound for the minimal generating set of G′ for a
group G of the nilpotency class 2.
Lemma 1.5. [14, Lemma 1.11] Let G be a group of the nilpotency class two such
that d(G/Z(G)) = d is finite. Then d(G′) ≤ 12d(d− 1).
Lemma 1.6. Let G be a group of the nilpotency class two. Then
([x, y] ∧ z)([z, y] ∧ x)(x ∧ [z, y]) = 1G∧G
for all x, y, z ∈ G.
Proof. Since G′ ⊆ Z(G), we have
[x, y] ∧ z = (x ∧ y)z(x ∧ y)−1 = (x ∧ y)([z, x]x ∧ [z, y]y)−1
= (x ∧ y)([z, x] ∧ y)−1(x ∧ [z, y])−1(x ∧ y)−1 = ([z, x] ∧ y)−1(x ∧ [z, y])−1.
Thus
([x, y] ∧ z)([z, y] ∧ x)(x ∧ [z, y]) = 1G∧G.

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Let Z
(r)
pα denote the direct product of r-copies of Zpα .
Lemma 1.7. [13, Corollary 2.2.12] Let G ∼= Zpm1 ⊕ · · · ⊕ Zpmk , where m1 ≥ . . . ≥
mk. Then
M(G) ∼=
k⊕
i=2
Z
(i−1)
pmi .
We need to recall that the concept of basic commutators. Let X be an arbi-
trary subset of a free group, and select an arbitrary total order for X . The basic
commutators on X , their weight wt, and the order among them are defined as
follows:
(i) The elements of X are basic commutators of weight one, ordered according
to the total order previously chosen.
(ii) Having defined the basic commutators of weight less than n, a basic com-
mutator of weight n is ck = [ci, cj], where:
(a). ci and cj are basic commutators and wt(ci) + wt(cj) = n, and
(b). ci > cj , and if ci = [cs, ct], then cj ≥ ct.
(iii) The basic commutators of weight n follow those of weight less than n.
The basic commutators of weight n are ordered among themselves in any
total order, but the most common used total order is lexicographic order;
that is, if [b1, a1] and [b2, a2] are basic commutators of weight n. Then
[b1, a1] < [b2, a2] if and only if b1 < b2 or b1 = b2 and a1 < a2.
The number of basic commutators is given in the following:
Theorem 1.8. (Witt Formula) The number of basic commutators of weight n on
d generators is given by the following formula:
χn(d) =
1
n
∑
m|n
µ(m)dn/m,
where µ(m) is the Mo¨bius function, which is defined to be
µ(m) =


1 if m = 1,
0 if m = pα11 . . . p
αk
k ∃αi > 1,
(−1)s if m = p1 . . . ps,
where the pi, 1 ≤ i ≤ k, are the distinct primes dividing m.
Theorem 1.9. ( [11, M. Hall] and [12, Theorem 11.15 (a)] ) Let F be a free group
on {x1, x2, . . . , xd}. Then for all 1 ≤ i ≤ n,
γn(F )
γn+i(F )
is a free abelian group freely generated by the basic commutators of weights n, n+
1, . . . , n+ i− 1 on the letters {x1, x2, . . . , xd}.
2. Some results on the capability and Schur multiplier of
d-generator special p-groups of rank 12d(d− 1) or
1
2d(d− 1)− 1
In this section, as application to the result of Rai in [15], in the class of all d-
generator special p-group of rank 12d(d − 1) for d ≥ 3 and p 6= 2, we specify which
ones are capable. Among the others results, we give an upper bound for the Schur
multiplier of d-generator special p-groups of rank 12d(d− 1)− 1. Moreover, we give
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the structure of d-generator special p-group of rank 12d(d− 1)− 1 of exponent p for
p 6= 2 and d ≥ 3 and we show they attain the mentioned upper bound.
Let F be a free group. Then G = F/F pγ3(F ) is the relatively free group in the
class of nilpotent group of class two and exponent p. From [7, Section 5], it is well-
known that G ∼= 〈x1, . . . , xd|x
p
t = [xi, xj ]
p = [xi, xj , xt] = 1, 1 ≤ i, j, t ≤ d〉 and so
G′ ∼= Z
( 1
2
d(d−1))
p . Let exp(X) be used to denote the exponent of X. Then
Lemma 2.1. Let H be a finite special p-group such that p 6= 2 and d(H) = d ≥ 3.
Then |H ′| = p
1
2
d(d−1) and exp(H) = p if and only if |H | = p
1
2
d(d+1), H is a free
relatively special p-group of rank 12d(d− 1) of exponent p and H
∼= 〈x1, . . . , xd|x
p
t =
[xi, xj ]
p = [xr, xs, xt] = 1, 1 ≤ i < j ≤ d, 1 ≤ r, s, t ≤ d〉.
Proof. Let |H ′| = p
1
2
d(d−1) and exp(H) = p. We can choose a generating set
{x1Z(H), . . . , xdZ(H)} for H/Z(H) such that [xi, xj ] is non-trivial for i 6= j. It
is clear to see that {[xi, xj ]|1 ≤ i < j ≤ d} is a generating set of H
′. Since
Z(H) = H ′ ∼= Z
( 1
2
d(d−1))
p and exp(H) = p, we have 〈x1, . . . , xd|x
p
t = [xi, xj ]
p =
[xr, xs, xt] = 1, 1 ≤ i < j ≤ d, 1 ≤ r, s, t ≤ d〉, by using [7, Proposition 5.1]. The
converse is clear. 
Let β be the homomorphism mentioned in the Proposition 1.3. Then
Theorem 2.2. Let H be a d-generator finite special p-group of rank 12d(d − 1),
d ≥ 3 and p 6= 2. Then
(i) M(H) ∼= Z
( 1
3
d(d−1)(d+1)−m′)
p and kerβ ∼= Z
( 1
6
d(d−1)(d−2)+m′)
p , where m′ =
logp
|〈wp ⊗ wG′|w ∈ G〉|
|ImΨ2 ∩ 〈wp ⊗ wG′|w ∈ G〉|
and |ImΨ2| = p
1
6
d(d−1)(d−2).
(ii) M(H) ∼= Z
( 1
3
d(d−1)(d+1))
p if and only if exp(H) = p and H ∼= 〈x1, . . . , xd|x
p
t =
[xi, xj ]
p = 1, [xi, xj , xt] = 1, 1 ≤ i, j, t ≤ d〉.
Proof. The result follows from [15, Theorem 1.1 ], Proposition 1.3, Theorem 1.4
and Lemma 2.1. 
Proposition 2.3. Let G be a d-generator special p-group of rank 12d(d − 1) or
1
2d(d−1)−1 for p 6= 2, d ≥ 3 and |G
p| = pt. Then |〈wp⊗wG′|w ∈ G〉| = p
1
2
t(2d−t+1).
Proof. The result follows from [15, Proposition 3.3]. 
Proposition 2.4. Let G be a d-generator special p-group of rank 12d(d−1)−1 and
d ≥ 3. Then B = {Ψ2(xnG
′ ⊗ xqG
′ ⊗ xkG
′)|1 ≤ n < q < k ≤ d} is a basis of ImΨ2
and |ImΨ2| = p
1
6
d(d−1)(d−2).
Proof. Let {x1, x2, . . . , xd} be a minimal generating set of G. Since G/G
′ and G′
are elementary abelian p-groups, they can be considered as vector spaces over the
field Zp. Therefore G
′ ⊗ G/G′ can be considered as a vector space with a sub-
space ImΨ2. Note that G
′ = 〈[xn, xq]|1 ≤ n < q ≤ d〉. Since G
′ is elementary
abelian of rank 12d(d − 1) − 1, we have [xi, xj ] =
∑
1≤n<q≤d
(n,q) 6=(i,j)
βnq[xn, xq], where
0 ≤ βnq < p, for some 1 ≤ i < j ≤ d. We know that B1 = {[xr, xt]|1 ≤ r < t ≤
d, (r, t) 6= (i, j)} generates G′ and G/G′ is generated by {x1G
′, . . . , xdG
′}. Since
G′ ∼= ⊕1≤r<t≤d,(r,t) 6=(i,j)〈[xr , xt]〉, B1 is also linearly independent. Since
G′ ⊗G/G′ ∼= ⊕1≤k≤d ⊕1≤r<t≤d,(r,t) 6=(i,j) 〈[xr, xt]⊗ xkG
′〉,
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A = {[xr, xt]⊗xkG
′|1 ≤ k ≤ d, 1 ≤ r < t ≤ d, (r, t) 6= (i, j)} is a basis of G′⊗G/G′.
We claim that Ψ2(xiG
′ ⊗ xjG
′ ⊗ xkG
′) is non-trivial, for all 1 ≤ i < j < k ≤ d. By
contrary, let Ψ2(xiG
′ ⊗ xjG
′ ⊗ xkG
′) = 0. Then [xi, xj ]⊗ xkG
′ + [xj , xk]⊗ xiG
′ +
[xk, xi] ⊗ xjG
′ = 0 so [xk, xi]⊗ xjG
′ = −[xi, xj ] ⊗ xkG
′ − [xj , xk] ⊗ xiG
′ which is
contradiction since [xk, xi] ⊗ xjG
′ ∈ A. We claim that B = {Ψ2(xnG
′ ⊗ xqG
′ ⊗
xkG
′)|1 ≤ n < q < k ≤ d} is a basis of ImΨ2. Clearly, B generates ImΨ2. Now,
we show that B is linearly independent. Assume that
∑
1≤n<q<k≤d αnqkΨ2(xnG
′⊗
xqG
′ ⊗ xkG
′) = 0. Then
∑
1≤n<q<k≤d αnqk([xn, xq] ⊗ xkG
′ + [xq, xk] ⊗ xnG
′ +
[xk, xn]⊗ xqG
′) = 0. Hence
∑
1≤n<q<k≤d
(
αnqk[xn, xq]⊗ xkG
′ + αnqk[xq , xk]⊗ xnG
′ + αnqk[xk, xn]⊗ xqG
′
)
=
∑
1≤n<q<k≤d
(n,q) 6=(i,j)
(
αnqk[xn, xq]⊗ xkG
′ + αnqk[xq , xk]⊗ xnG
′ + αnqk[xk, xn]⊗ xqG
′
)
+
∑
i<j<k,1≤k≤d
(
αijk[xi, xj ]⊗ xkG
′ + αijk [xj , xk]⊗ xiG
′ + αijk[xk, xi]⊗ xjG
′
)
=
∑
1≤n<q<k≤d
(n,q) 6=(i,j),j<k
(
αnqk[xn, xq]⊗ xkG
′ + αnqk[xq, xk]⊗ xnG
′ + αnqk[xk, xn]⊗ xqG
′
)
+
∑
1≤n<q<k≤d
(n,q) 6=(i,j),j≥k
(
αnqk[xn, xq]⊗ xkG
′ + αnqk[xq, xk]⊗ xnG
′ + αnqk[xk, xn]⊗ xqG
′
)
+
∑
1≤k≤d,i<j<k
(
αijk[xi, xj ]⊗ xkG
′ + αijk [xj , xk]⊗ xiG
′ + αijk[xk, xi]⊗ xjG
′
)
= 0.
Since [xi, xj ] =
∑
1≤n<q≤d
(n,q) 6=(i,j)
βnq[xn, xq], where 0 ≤ βnq < p and 1 ≤ i < j ≤ d, we
have
∑
1≤n<q<k≤d
(
αnqk[xn, xq]⊗ xkG
′ + αnqk[xq, xk]⊗ xnG
′ + αnqk[xk, xn]⊗ xqG
′
)
=
∑
1≤n<q<k≤d
(n,q) 6=(i,j),j<k
(
αnqk[xn, xq]⊗ xkG
′ + αnqk[xq, xk]⊗ xnG
′ + αnqk[xk, xn]⊗ xqG
′
)
+
∑
1≤n<q<k≤d
(n,q) 6=(i,j),j≥k
(
αnqk[xn, xq]⊗ xkG
′ + αnqk[xq, xk]⊗ xnG
′ + αnqk[xk, xn]⊗ xqG
′
)
+
∑
1≤k≤d,i<j<k
((
αijk
∑
1≤n<q≤d
(n,q) 6=(i,j)
(
βnq[xn, xq]⊗ xkG
′
))
+ αijk [xj , xk]⊗ xiG
′+
αijk [xk, xi]⊗ xjG
′
)
= 0.
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Now,
∑
i<j<k,1≤k≤d
((
αijk
∑
1≤n<q≤d
(n,q) 6=(i,j)
(
βnq[xn, xq]⊗ xkG
′
))
+ αijk[xj , xk]⊗ xiG
′+
αijk [xk, xi]⊗ xjG
′
)
=
∑
1≤k≤d,i<j<k
((
αijk
∑
1≤n<q<k≤d
(n,q) 6=(i,j)
βnq[xn, xq]⊗ xkG
′
)
+
(
αijk
∑
1≤n<q≤d,q≥k
(n,q) 6=(i,j)
βnq[xn, xq]⊗ xkG
′
)
+
(
αijk[xj , xk]⊗ xiG
′ + αijk[xk, xi]⊗ xjG
′
))
.
Thus∑
1≤n<q<k≤d
(
αnqk[xn, xq]⊗ xkG
′ + αnqk[xq , xk]⊗ xnG
′ + αnqk[xk, xn]⊗ xqG
′
)
=
∑
1≤n<q<k≤d
(n,q) 6=(i,j),i<j<k
((
(αnqk + αijkβnq)[xn, xq]⊗ xkG
′ + αnqk[xq, xk]⊗ xnG
′+
αnqk[xk, xn]⊗ xqG
′
)
+
∑
1≤n<q<k≤d
(n,q) 6=(i,j),j≥k
(
αnqk[xn, xq]⊗ xkG
′ + αnqk[xq, xk]⊗ xnG
′
+ αnqk[xk, xn]⊗ xqG
′
)
+
∑
1≤k≤d,i<j<k
((
αijk
∑
1≤n<q≤d,q≥k
(n,q) 6=(i,j)
βnq[xn, xq]⊗ xkG
′
)
+
(
αijk[xj , xk]⊗ xiG
′ + αijk[xk, xi]⊗ xjG
′
))
= 0.
For all 1 ≤ n < q < k ≤ d, (n, q) 6= (i, j), we have [xq, xk] ⊗ xnG
′, [xq, xk] ⊗
xnG
′, [xk, xn]⊗xqG
′ ∈ A and also if i < j < k, then [xj , xk]⊗xiG
′, [xk, xi]⊗xjG
′ ∈
A. Since A is linearly independent, we have αnqk = 0 for all 1 ≤ n < q < k ≤ d. It
implies B is linearly independent. It is easy to see that dimB = 16d(d− 1)(d− 2).
Therefore |ImΨ2| = p
1
6
d(d−1)(d−2). 
Theorem 2.5. Let G be a d-generator special p-group of rank 12d(d − 1) − 1 and
d ≥ 3. Then
(i) M(G) ∼= Z
1
3
d(d−1)(d+1)−d+1−m
p and kerβ ∼= Z
1
6
d(d−1)(d−2)+m
p , where m =
logp
|〈wp ⊗ wG′|w ∈ G〉|
|ImΨ2 ∩ 〈wp ⊗ wG′|w ∈ G〉|
.
(ii) G ∼= 〈y1, . . . , yd|y
p
t = [yk, yr]
p = 1, [yk, yr, yt] = 1, [yi, yj ] =∏
1≤n1<n2≤d
(n1,n2) 6=(i,j)
[yn1 , yn2 ]
αn1n2 , 1 ≤ k, r, t ≤ d, 0 ≤ αn1n2 < p〉 for some i, j if
and only if M(G) ∼= Z
( 1
3
d(d−1)(d+1)−d+1)
p .
Proof. (i). Proposition 1.3 and Theorem 1.4 imply
|M(G)| =
|G′ ⊗G/G′||M(G/G′)|
|G′|| kerβ|
and kerβ = ImΨ2〈w
p ⊗ wG′|w ∈ G〉.
Let {x1, x2, . . . , xd} be a minimal generating set of G. Since G/G
′ and G′ are
elementary abelian p-groups, they can be considered as vector spaces over the field
Zp. Therefore G
′ ⊗ G/G′ can be considered as a vector space with a subspace
kerβ. Since by using Proposition 2.4, |ImΨ2| = p
1
6
d(d−1)(d−2), we have | kerβ| =
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p
1
6
d(d−1)(d−2)+m, where m = logp
|〈wp ⊗ wG′|w ∈ G〉|
|ImΨ2 ∩ 〈wp ⊗ wG′|w ∈ G〉|
. Lemma 1.7 implies
|M(G/G′)| = p
1
2
d(d−1). Thus
|M(G)| =
|G′ ⊗G/G′||M(G/G′)|
|G′|| kerβ|
=
p
1
2
d2(d−1)−d+1
2
d(d−1)− 1
6
d(d−1)(d−2)−1
2
d(d−1)+1−m =
p
1
2
d2(d−1)− 1
6
d(d−1)(d−2)−d+1−m =
p
1
3
d(d−1)(d+1)−d+1−m.
Therefore |M(G)| = p
1
3
d(d−1)(d+1)−d+1−m. It completes the proof (i).
(ii). First, we claim G is of exponent p if and only if |M(G)| = p
1
3
d(d−1)(d+1)−d+1.
If exp(G) = p, then m = 0 and so |M(G)| ≤ p
1
3
d(d−1)(d+1)−d+1, by (i). Conversely,
let m = 0. Then ImΨ2 ∩ 〈w
p ⊗ wG′|w ∈ G〉 = 〈wp ⊗ wG′|w ∈ G〉. By contrary, let
exp(G) 6= p. Since exp(G) ≤ p2, we have exp(G) = p2. Therefore xpl 6= 1 for some l
and so xpl ⊗xlG
′ 6= 0. Let xpl ⊗xlG
′ ∈ ImΨ2. By using a same technique used in the
proof of Proposition 2.4, one can see that xpl⊗xlG
′ is not generated by elements ofB.
Thus xpl ⊗xlG
′ /∈ ImΨ2 which is a contradiction. Thereforem = 0 if and only if G is
of exponent p and so |M(G)| = p
1
3
d(d−1)(d+1)−d+1 if and only if G is of exponent p.
Note that G′ = 〈[xn1 , xn2 ]|1 ≤ n1 < n2 ≤ d〉. Since G
′ is elementary abelian of rank
1
2d(d− 1)− 1, we have [xi, xj ] =
∏
1≤n1<n2≤d
(n1,n2) 6=(i,j)
[xn1 , xn2 ]
αn1n2 , where 0 ≤ αn1n2 < p,
for all 1 ≤ i < j ≤ d. [7, Proposition 5.1] implies G is isomorphic to the quotient
of a d-generator free relatively special p-group. Thus we get G ∼= 〈x1, . . . , xd|x
p
t =
[xk, xr]
p = [xk, xr, xt] = 1, 1 ≤ k, r, t ≤ d〉/〈[xi, xj ]
−1
∏
1≤n1<n2≤d
(n1,n2) 6=(i,j)
[xn1 , xn2 ]
αn1n2 〉
for some i, j, by using Lemma 2.1. Since G is of exponent p, one can see that G ∼=
〈y1, . . . , yd|y
p
t = [yk, yr]
p = 1, [yr, y,yt] = 1, [yi, yj ] =
∏
1≤n1<n2≤d
(n1,n2) 6=(i,j)
[yn1 , yn2 ], 1 ≤
k, r, t ≤ d, 0 ≤ αn1n2 ≤ p〉 for some i, j. The proof of case (ii) is completed. 
Theorem 2.6. Let H be a d-generator special p-group, d ≥ 3 and (p 6= 2). Then
|H ′| = p
1
2
d(d−1) and exp(H) = p if and only if |M(H)| = p
1
3
d(d−1)(d+1).
Proof. Let |M(H)| = p
1
3
d(d−1)(d+1). By a similar way involved in the proof of
Theorem 2.5, we can see that if |H ′| < p
1
2
d(d−1), then |M(H)| < p
1
3
d(d−1)(d+1).
Thus |H ′| = p
1
2
d(d−1). The converse holds by Theorem 2.2 (ii). 
Theorem 2.7. Let H be a d-generator special p-group of rank 12d(d−1) of exponent
p, d ≥ 3 and (p 6= 2). Then H is capable.
Proof. Theorems 2.2 (ii) and 2.5 (ii) imply |M(H)| = p
1
3
d(d−1)(d+1) and |M(H/K)|
= p
1
3
d(d−1)(d+1)−d+1 for every central subgroup K of order p in H. Since |M(H)| >
|M(H/K)|, the homomorphism M(H) →M(H/K) cannot be a monomorphism.
Now the result follows from Lemma 1.1. 
Corollary 2.8. Let H is a d-generator relatively free special p-group of rank 12d(d−
1), d ≥ 3 and exponent p (p 6= 2). Then H is capable.
Proof. The result follows from Lemma 2.1 and Theorem 2.7. 
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Lemma 2.9. Let G be a d-generator special p-group of rank 12d(d − 1) − 1 or
1
2d(d− 1) and d ≥ 3 (p 6= 2). Then ImΨ2 ∩ 〈w
p ⊗ wG′|w ∈ G〉 = 0.
Proof. Let {x1, x2, . . . , xd} be a minimal generating set ofG. If exp(G) = p, then the
result easily obtained. Let exp(G) 6= p. Since exp(G) ≤ p2, we have exp(G) = p2. By
contrary, let ImΨ2∩〈w
p⊗wG′|w ∈ G〉 6= 0. Therefore wp 6= 0 and so wp⊗wG′ 6= 0
such that wp ⊗ wG′ ∈ ImΨ2 and so w
p ⊗ wG′ =
∑
1≤k<k′<r≤d δkk′r([xk, xk′ ] ⊗
xrG
′ + [xk′ , xr]⊗ xkG
′ + [xr, xk]⊗ xk′G
′) ∈ ImΨ2. By the proof of Proposition 2.4
and [15, Theorem 1.2], one can see that wp ⊗ wG′ is not generated by elements
of B = {Ψ2(xrG
′ ⊗ xkG
′ ⊗ xtG
′)|1 ≤ r < k < t ≤ d}. It is a contradiction since
ImΨ2 ∩ 〈w
p ⊗ wG′|w ∈ G〉 6= 0 and so the result holds. 
Corollary 2.10. Let G be a d-generator special p-group of rank 12d(d− 1), d ≥ 3,
p 6= 2 and |Gp| = pt. Then M(G) ∼= Z
1
3
d(d−1)(d+1)−1
2
t(2d−t+1)
p .
Proof. By Theorem 2.2, Proposition 2.3 and Lemma 2.9, we have m = logp|〈w
p ⊗
wG′|w ∈ G〉| = 12 t(2d− t+ 1), as required. 
Corollary 2.11. Let G be a d-generator special p-group of rank 12d(d− 1)− 1 for
p 6= 2, d ≥ 3 and |Gp| = pt. Then M(G) ∼= Z
1
3
d(d−1)(d+1)−d+1−1
2
t(2d−t+1)
p .
Proof. By Proposition 2.3, Theorem 2.5 and Lemma 2.9, we have m′ = logp|〈w
p ⊗
wG′|w ∈ G〉| = 12 t(2d− t+ 1). Hence the result follwos. 
Lemma 2.12. Let H be a d-generator special p-group of rank 12d(d − 1) for (p 6=
2), d ≥ 3 and K be a central subgroup of order p. Then t1 = t− 1 or t1 = t, where
|Hp| = pt and |(H/K)p| = pt1 .
Proof. We know that 0 ≤ t, t1 ≤ d. Since (H/K)
p = HpK/K, we have pt1 =
|Hp|/|Hp ∩K| and so t1 = t− 1 or t1 = t, as required. 
Using the notation of Lemma 2.12, we have
Theorem 2.13. Let H be a d-generator special p-group of rank 12d(d−1) for d ≥ 3
and (p 6= 2). Then H is non-capable if and only if Hp ∼= Zp.
Proof. Let H be non-capable and K be a central subgroup of order p in Z∗(H).
Theorem 2.7 implies exp(H) = p2. Thus the homomorphismM(H)→M(H/K) is
a monomorphism, by [2, Theorem 4.2]. Hence |M(H)| = |M(H/K)|p−1, by using
[2, Lemma 4.1]. Corollaries 2.10 and 2.11 imply
|M(H)| = p
1
3
d(d−1)(d+1)− 1
2
t(2d−t+1)
and
|M(H/K)| = p
1
3
d(d−1)(d+1)−d+1−1
2
t1(2d−t1+1)
such that |(H/K)p| = pt1 and |Hp| = pt. Thus
p
1
3
d(d−1)(d+1)−1
2
t(2d−t+1) = |M(H)| = |M(H/K)|p−1
= p
1
3
d(d−1)(d+1)−d−1
2
t1(2d−t1+1).
Therefore t(2d− t+1)− t1(2d− t1 +1) = 2d. By Lemma 2.12, t1 = t or t1 = t− 1.
The case t1 = t cannot be occur since d > 0. Thus t1 = t− 1 and so t(2d− t+1)−
(t− 1)(2d− t+2) = 2d and so t = 1. It follwos that Hp ∼= Zp. Conversely, let H
p ∼=
Zp. By Corollaries 2.10 and 2.11, |M(H)| = p
1
3
d(d−1)(d+1)−d and |M(H/Hp)| =
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p
1
3
d(d−1)(d+1)−d+1. By using [2, Lemma 4.1], |M(H)| = |M(H/Hp)|p−1. Now [2,
Theorem 4.2] implies H is non-capable. The proof is completed. 
Corollary 2.14. Let H be a d-generator special p-group of rank 12d(d − 1), d ≥ 3
and (p 6= 2). Then H is non-capable if and only if H ∼= 〈x1, . . . , xd|x
p
k = [xi, xj ]
p =
1, [x1, x2] = x
p
1, [xi, xj , xt] = 1, 1 ≤ i, j, k, t ≤ d, k 6= 1〉.
Proof. Let H be non-capable. By Theorem 2.13, we have Hp ∼= Zp. We can choose
a generating set {x1Z(H), . . . , xdZ(H)} for H/Z(H) such that [xi, xj ] is non-trivial
for some i 6= j. It is clear to see that {[xi, xj ]|1 ≤ i < j ≤ d} is a generating set of
H ′. Since Z(H) = H ′ ∼= Z
( 1
2
d(d−1))
p and Hp ∼= Zp, we have H ∼= 〈x1, . . . , xd|x
p
k =
[xi, xj ]
p = 1, [x1, x2] = x
p
1, [xi, xj , xt] = 1, 1 ≤ i, j, k, t ≤ d, k 6= 1〉. The converse is
clear by using Theorem 2.13. 
The following corollary shows the converse of Theorem 2.13 is also true.
Corollary 2.15. Let H be a d-generator special p-group of rank 12d(d − 1), d ≥ 3
and (p 6= 2). Then H is capable if and only if |Hp| 6= p.
3. The tensor square and exterior square of d-generator special
p-groups of rank 12d(d− 1) and
1
2d(d− 1)− 1
Let H be a d-generator special p-group of rank 12d(d− 1) or
1
2d(d− 1)− 1. This
section is devoted to give an upper bound for the tensor square, the exterior, and
the third homology group pi3(SK(H, 1)) of suspension an Eilenberg- MacLane space
K(H, 1) which is isomorphic to J2(H). When H is of exponent p, we characterize
the explicit structure of H ∧H,H ⊗H and J2(H).
Theorem 3.1. Let G be a finite special p-group and exp(G) = p2 (p 6= 2). If G∧G
is elementary, then G is non-capable.
Proof. Let G = 〈x1, . . . , xd〉. We claim that 1 6= Z
∧(G). Since exp(G) = p2, there
exists i, 1 ≤ i ≤ d such that xpi 6= 1. For all 1 ≤ j ≤ d, we have
xpi ∧ xj =
0∏
t=p−1
(x
t
i(xi ∧ xj)) =
0∏
t=p−1
(xi ∧ [xi, x
t
j ]xj)
=
1∏
t=p−1
(xi ∧ [xi, xj ])
t
0∏
t=p−1
(xi ∧ xj).
Clearly,
∏1
t=p−1(xi ∧ [xi, xj ])
t = (xi ∧ [xi, xj ])
1
2
p(p−1) = 1G∧G. Since G ∧ G is
elementary, we have xpi ∧ xj =
∏0
t=p−1(xi ∧ xj) = (xi ∧ xj)
p = 1G∧G, for all
1 ≤ j ≤ d. Therefore xpi ∧ xj = 1G∧G, for all 1 ≤ j ≤ d. Hence 1 6= x
p
i ∈ Z
∧(G) and
so G is non-capable, as required. 
Lemma 3.2. Let G be a p-group of class two. Then G ∧G is abelian.
Proof. Since [xl∧xk, xm∧xn] = [xl, xk]∧[xm, xn] =
[xl,xk] (xm∧xn)(xm∧xn)
−1 = 1,
for all xl, xk, xm, xn ∈ G, we have (G ∧G)
′ = 1. Thus G ∧G is abelian. 
Theorem 3.3. Let H be a d-generator special p-group of rank 12d(d − 1), d ≥ 3
and (p 6= 2). Then H ∧ H is abelian and |H ∧ H | ≤ p
1
6
d(d−1)(2d+5). Moreover,
exp(H) = p if and only if H ∧H ∼= Z
( 1
6
d(d−1)(2d+5))
p .
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Proof. By Lemma 3.2, H ∧H is abelian. Now using Lemma 1.2, we have |H ∧H | =
|M(H)||H ′|. From Theorem 2.2 (i), we have |H ∧ H | ≤ p
1
2
d(d−1)+ 1
3
d(d−1)(d+1) =
p
1
6
d(d−1)(2d+5). Let exp(H) = p. Then Theorem 2.2 (ii) implies H ∧H ∼=M(H)⊕
H ′ ∼= Z
( 1
6
d(d−1)(2d+5))
p . Conversely, let H ∧ H ∼= Z
( 1
6
d(d−1)(2d+5))
p . Thus |M(H)| =
p(
1
6
(d−1)(2d+5)− 1
2
d(d−1)) = p
1
3
d(d−1)(d+1). By Theorem 2.2 (ii), we obtain exp(H) =
p. The proof is completed. 
Corollary 3.4. Let H be a d-generator special p-group of rank 12d(d − 1), d ≥ 3
and (p 6= 2). Then |H ⊗ H | ≤ p
1
3
d(d2+3d−1). Moreover, exp(H) = p if and only if
H ⊗H ∼=M(H)⊕H ′ ⊕▽(H) ∼= Z
( 1
3
d(d2+3d−1))
p .
Proof. By [4, Lemma 1.2 (i) ], ▽(H) ∼= Z
( 1
2
d(d+1))
p . Using [4, Proposition 2.2
(iii) ], we have H ⊗ H ∼= (H ∧ H) ⊕ ▽(H). Theorem 3.3 implies |H ⊗ H | ≤
p
1
6
d(d−1)(2d+5)+1
2
d(d+1) = p
1
3
d(d2+3d−1). Let exp(H) = p. By Theorem 3.3, H⊗H ∼=
Z
( 1
3
d(d2+3d−1))
p . Conversely, let now H ⊗ H ∼= Z
( 1
3
d(d2+3d−1))
p . Then H ∧ H ∼=
(H ⊗ H)/▽ (H) ∼= Z
( 1
6
d(d−1)(2d+5))
p . The result now obtained from Theorem 3.3.
So exp(H) = p. 
Corollary 3.5. Let H be a d-generator special p-group of rank 12d(d − 1), d ≥ 3
and (p 6= 2). Then |J2(H)| ≤ p
1
6
d(d+1)(2d−1). Moreover, exp(H) = p if and only if
J2(H) ∼=M(H)⊕▽(H) ∼= Z
( 1
6
d(d+1)(2d−1))
p .
Proof. By [4, Lemma 1.2 (i) ],▽(H) ∼= Z
( 1
2
d(d+1))
p . The result follows from Theorem
2.2 and [4, Corollary 1.4]. 
Corollary 3.6. Let H be a d-generator relatively free special p-group of exponent
p, d ≥ 3 and (p 6= 2). Then
(i) M(H) ∼= Z
( 1
3
d(d−1)(d+1))
p .
(ii) H ∧H ∼= Z
( 1
6
d(d−1)(2d+5))
p .
(iii) H ⊗H ∼= Z
( 1
3
d(d2+3d−1))
p .
(iv) J2(H) ∼= Z
( 1
6
d(d+1)(2d−1))
p .
Proof. The result follows from Lemma 2.1, Theorem 3.3, Corollaries 3.4 and 3.5. 
Theorem 3.7. Let H be a d-generator special p-group of rank 12d(d − 1), d ≥ 3,
(p 6= 2) and |Hp| = pt. Then
(i) M(H) ∼= Z
( 1
3
d(d−1)(d+1)−1
2
t(2d−t+1))
p .
(ii) |H ∧H | = p
1
6
d(d−1)(2d+5)−1
2
t(2d−t+1).
(iii) |H ⊗H | = p
1
3
d(d2+3d−1)− 1
2
t(2d−t+1).
(iv) J2(H) ∼= Z
( 1
6
d(d+1)(2d−1)− 1
2
t(2d−t+1))
p .
Proof. By using Corollary 2.10, we have M(H) ∼= Z
( 1
3
d(d−1)(d+1)−1
2
t(2d−t+1))
p . The
rest of proof is obtained by a similar way used in the proof of Theorem 3.3, Corol-
laries 3.4 and 3.5. 
Theorem 3.8. Let H be a d-generator special p-group of rank 12d(d−1) minimally
generated by the set {x1, x2, . . . , xd} such that H
p = 〈xp1, x
p
2, . . . , x
p
t 〉, d ≥ 3, (p 6= 2)
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and |Hp| = pt. Then
H ∧H = 〈xi ∧ xj |1 ≤ i ≤ d, t+ 1 ≤ j ≤ d, i < j〉 ⊕ (〈xi ∧ xs|1 ≤ i < s ≤ t〉 kerκ
′) ∼=
Z
( 1
2
t(t−1))
p2 ⊕ Z
( 1
3
(d−1)d(d+1)+1
2
(d−1)d−td−1
2
t(t−1))
p ,
where 〈xi∧xs|1 ≤ i < s ≤ t〉 ∼= Z
( 1
2
t(t−1))
p2 , 〈xi∧xj |1 ≤ i ≤ d, t+1 ≤ j ≤ d, i < j〉
∼=
Z
( 1
2
(d−1)d− 1
2
t(t−1))
p and kerκ′ = 〈[xl, xr] ∧ xk|1 ≤ l < r <≤ d, 1 ≤ k ≤ r〉 ∼=M(H).
Proof. It is clear to see that {[xi, xj ]|1 ≤ i < j ≤ d} is a generating set of H
′.
Clearly, by using [1, Proposition 2.4], we have H ∧ H = 〈xn ∧ xq|1 ≤ n < q ≤
d〉〈[xl, xr] ∧ xk|1 ≤ l < r ≤ d, 1 ≤ k ≤ d〉. Lemma 1.6 implies 〈[xl, xr] ∧ xk|1 ≤
l < r ≤ d, 1 ≤ k ≤ d〉 = 〈[xl, xr] ∧ xk|1 ≤ l < r ≤ d, 1 ≤ k ≤ r〉. Therefore
H∧H = 〈xi∧xs|1 ≤ i < s ≤ t〉〈xi∧xj |1 ≤ i ≤ d, t+1 ≤ j ≤ d, i < j〉〈[xl, xr]∧xk|1 ≤
l < r ≤ d, 1 ≤ k ≤ r〉. Since the number of A = {[xl, xr ] ∧ xk|1 ≤ l < r ≤
d, 1 ≤ k ≤ r} is equal to the basic commutators of weight 3 on d generators,
|A| = 13d(d − 1)(d + 1), by Theorem 1.8. By a similar way used in the proof of
Theorem 3.1, we have xpi ∧ xs = (xi ∧ xs)
p = xi ∧ x
p
s for all 1 ≤ i < s ≤ d. If
1 ≤ i < s ≤ t, then (xi ∧ xs)
p2 = 1H∧H . If 1 ≤ i ≤ d, t + 1 ≤ s ≤ d, i < s,
then (xi ∧ xs)
p = 1H∧H . Thus 〈xi ∧ xs|1 ≤ i < s ≤ t〉 ∼= Z
( 1
2
t(t−1))
p2 and so
〈xi ∧ xj |1 ≤ i ≤ d, t + 1 ≤ j ≤ d, i < j〉 ∼= Z
( 1
2
(d−1)d− 1
2
t(t−1))
p . Since x
p
i ∧ xs =
xi ∧ x
p
s = (xi ∧ xs)
p for all 1 ≤ i < s ≤ t, the number of such elements is 12 t(t− 1).
Putting K1 = 〈xi ∧ xs|1 ≤ i < s ≤ t〉〈xi ∧ xj |1 ≤ i ≤ d, t + 1 ≤ j ≤ d, i < j〉. By
using Theorem 3.10, we have
|〈[xl, xr ] ∧ xk|1 ≤ l < r ≤ d, 1 ≤ k ≤ r〉| =
|H ∧H ||〈[xl, xr] ∧ xk|1 ≤ l < r ≤ d, 1 ≤ k ≤ r〉 ∩K1|/|K1| =
p
1
6
d(d−1)(2d+5)− 1
2
t(2d−t+1)p
1
2
t(t−1)/pt(t−1)p
1
2
d(d−1)− 1
2
t(t−1) =
p
1
3
d(d−1)(d+1)−1
2
t(2d−t+1)).
The order of non-trivial elements [xl, xr]∧xk for all 1 ≤ l < r ≤ d, 1 < k ≤ r is ex-
actly p. Thus 〈[xl, xr]∧ xk|1 ≤ l < r ≤ d, 1 ≤ k ≤ r〉 ∼= Z
( 1
3
(d−1)d(d+1)− 1
2
t(2d−t+1)
p
∼=
M(H), by Theorem 3.10. Therefore,
H ∧H = 〈xi ∧ xj |1 ≤ i ≤ d, t+ 1 ≤ j ≤ d, i < j〉⊕
(〈xi ∧ xs|1 ≤ i < s ≤ t〉〈[xl, xr] ∧ xk|1 ≤ l < r ≤ d, 1 ≤ k ≤ r〉) ∼=
Z
( 1
2
t(t−1))
p2 ⊕ Z
( 1
3
(d−1)d(d+1)+1
2
(d−1)d−td− 1
2
t(t−1))
p .
The result follows. 
Corollary 3.9. Let H be a d-generator special p-group of rank 12d(d − 1), d ≥ 3,
(p 6= 2) and |Hp| = pt. Then
H ⊗H ∼= Z
( 1
2
t(t−1))
p2 ⊕ Z
( 1
3
(d−1)d(d+1)+d2−td− 1
2
t(t−1))
p .
Theorem 3.10. Let H be a d-generator special p-group of rank 12d(d − 1) − 1,
d ≥ 3, (p 6= 2) and |Hp| = pt. Then
(i) M(H) ∼= Z
( 1
3
(d−1)(d2+d−3)− 1
2
t(2d−t+1))
p .
(ii) |H ∧H | = p
1
6
(d−1)(2d2+5d−6)− 1
2
t(2d−t+1)−1.
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(iii) |H ⊗H | = p
1
3
d(d2+3d−4)− 1
2
t(2d−t+1)+1.
(iv) J2(H) ∼= Z
( 1
3
(d+1)(2d−3)(d+2)− 1
2
t(2d−t+1)+2)
p .
Proof. Using Lemma 1.2, we have |H ∧H | = |M(H)||H ′|. From Corollary 2.11, we
have |H∧H | = p
1
2
d(d−1)+ 1
3
d(d−1)(d+1)−d+1−1
2
t(2d−t+1) = p
1
6
(d−1)(2d2+5d−6)− 1
2
t(2d−t+1).
By using [4, Lemma 1.2 (i) ], we have ▽(H) ∼= Z
( 1
2
d(d+1))
p . Now, [4, Proposition
2.2 (iii) ] implies |H ⊗ H | = |H ∧ H || ▽ (H)| = p
1
3
(d3+3d2−4d)− 1
2
t(2d−t+1)+1. By
invoking [4, Corollary 1.4] and Corollary 2.11, we have
J2(H) ∼= Z
( 1
3
(d+1)(2d−3)(d+2)−1
2
t(2d−t+1)+2)
p .
The proof is completed. 
Theorem 3.11. Let H be a d-generator special p-group of rank 12d(d − 1) − 1,
d ≥ 3, and (p 6= 2). If exp(H) = p, then
H ∧H ∼= Z
( 1
6
(d−1)(2d2+5d−6)+1))
p
H ⊗H ∼= Z
( 1
3
d(d2+3d−4)+1)
p
J2(H) ∼= Z
(( 1
3
(d+1)(2d−3)(d+2)+2)
p .
Proof. Since exp(H) = p, the result holds by Theorem 3.10. 
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